Abstract-Disassembly-based motion planning (DBMP) is a novel and efficient single-query, sampling-based motion planning approach for free-flying robots. Disassembly-based motion planning uses workspace information to determine the workspace volume of a potential solution path and uses this information to exclude large portions of configuration space from exploration. It also identifies the most constrained placements of the robot along the potential solution path. These placements are referred to as assemblies because they are highly constrained by the environment, much like parts in an assembly are constrained. The constraints limit the possible motions of the robot and thus can be exploited to further limit configuration space exploration. The use of these two sources of workspace information permits the solution of many practical problems with very limited configuration space exploration. This reduction in configuration space exploration results in performance improvements of several orders of magnitude, compared to state-of-the-art motion planning methods. For non-free-flying robots, disassembly-based motion planning performs at least as well as the sampling-based motion planning method it is based on.
I. INTRODUCTION
We present a novel sampling-based, single-query motion planning method for free-flying robots. The proposed planner systematically reduces the amount of configuration space it has to explore to solve a particular motion planning problem. This is accomplished by an analysis of the workspace. The planner uncovers structure in the workspace and uses it to guide configuration space exploration. This structure is exploited in two ways: a) Exploiting Workspace Connectivity: Since the workspace is of constant and low dimensionality, its connectivity can be computed very efficiently. We determine a volume of free work space through which the robot can plausibly move from the initial to the final configuration. The volume is referred to as tunnel. Plausibility is determined based on a simple geometric criterion. The exploration of the high-dimensional configuration space can then be restricted to those regions that represent configurations of the robot in which it intersects with the free workspace volume. This generally eliminates large portions of configuration space. Moreover, the workspace tunnel also includes information of the distribution of obstacles along the path. This information is essential in choosing appropriate sampling algorithms (below). The details of this procedure are presented in Section III-A.
b) Exploiting Geometric Constraints: The complexity of configuration space regions varies over the configuration space in most realistic applications. Because the variation is unknown a priori, this property gives rise to the narrow passage problem in sampling-based motion planning: the sampling density for the entire configuration space has to be chosen such that the most difficult narrow passage along the solution path can be solved. As a result, many computational resources are wasted in less difficult regions of the configuration space. Rather than being adversely affected by narrow passages, the proposed motion planning approach exploits them to accelerate motion planning. The environment imposes many geometric constraints on a collision-free configuration inside a narrow passage, thus we view such a configuration as an assembly. The geometric constraints of an assembly greatly facilitate disassembly, as they limit the possible directions of motion and thus the amount of configuration space that has to be explored. The proposed planner uses this insight to improve the efficiency of motion planning. The details of how narrow passages are found, how assemblies are determined, and how they are disassembled are given in Section III-B. Decomposition of a path planning problem into disassembly problems: a) initial and final configurations of a robot; b) an "assembled" state is determined based on information about the workspace connectivity; c) constraints imposed by the environment are used to solve disassembly problems; d) the motion planning problem is solved by connecting the disassembly sequences to the initial and final configurations in an open region.
By combining these two ways of exploiting workspace structure, we obtain a very efficient motion planner. We demonstrate the main ideas with an example as follows: given a motion planning problem shown in Figure 1a ), workspace information is obtained and used to determine the spatial location of a narrow passage along a potential solution path. A collision-free configuration of the robot inside the narrow passage is obtained, as shown in Figure 1b) . We consider this configuration to be an assembled state of the robot.
The corresponding disassembly problem can be solved much more efficiently than the assembly problem by exploiting the geometric constraints imposed by the environment (see Figure 1c) . Finally, the disassembled states are connected to the initial and final configurations. This results in the overall solution path shown in Figure 1d ). This can be done very efficiently, because the intermediate regions contain mostly free space. This principle also applies in environments with multiple narrow passages.
Effectively, the proposed planner divides the configuration space into three types of regions: a) the regions of configuration space that are not explored at all, because they represent configurations that do not intersect the workspace tunnel, thus irrelevant to the path query, b) difficult regions or narrow passages, i.e., regions in which the constraints imposed by workspace obstacles on collision-free configurations can be exploited to perform disassembly, and c) open regions that can be solved very efficiently. By performing this division, the proposed planner can distribute sampling densities accordingly and accelerate configuration space exploration significantly, yielding tremendous performance improvements over existing sampling-based path planners.
Performance improvements for the proposed planner are most pronounced for free-flying robots, because for these types of robots the configuration space can most effectively be divided into the three aforementioned categories. For other types of robots, the performance of decomposition-based motion planning will be equivalent to that of the underlying samplingbased motion planning approach. However, we believe that the principle of exploiting structure to render configuration space exploration is general and can lead to other efficient planners for the general motion planning problem [5] .
II. RELATED WORK
The planner proposed in this paper makes use of workspace information to improve the efficiency of motion planning. In this section we review other motion planning approaches that take advantage of information from the workspace.
The original probabilistic roadmap (PRM) approach [12] gives rise to the narrow passage problem: paths through narrow passages in configuration space can either not be found, or the sampling density for the entire configuration space has to be prohibitively high. To alleviate this problem, some approaches perform sampling informed by workspace information. By producing samples in the proximity of the medial axis of the workspace, the likelihood of generating collision-free samples can be improved [9] . Information obtained in the workspace can also be exploited to locally adapt the sampling density [8] , [14] , [19] , [21] .
Decomposition-based motion planning methods [4] , [8] decompose the motion planning problem into a low-dimensional and a high-dimensional subproblem. The low-dimensional motion planning problem can be solved efficiently in the workspace. The solution to this problem captures connectivity information in the workspace relevant to the high-dimensional planning problem. By exploiting this information, a solution to the overall motion planning problem can be computed efficiently.
The use of local information about the environment obtained from collision checks has also been proposed to efficiently solve industrial disassembly problems [7] .
The planner presented in this paper is most closely related to decomposition-based motion planning [4] and sampling-based disassembly [7] .
For comparison, there are numerous sampling-based motion planning methods that adopt general exploration strategies to search the configuration space. Obstacle-based PRM [1] , PRM with Gaussian sampling [3] , and PRM with bridge test sampling [10] identify samples in the proximity of configuration space obstacles. These samples are believed to be most relevant to building compact roadmaps with good coverage of the free configuration space. In contrast, visibility-based PRM [16] increases the relevance of milestones (samples) in the roadmap by rejecting new samples that lie in the visibility regions of an existing milestone. Single-query planners [2] , [6] , [11] , [13] , [18] , guide the exploration of configuration space based on a particular motion planning query. They employ heuristics to reduce the region of configuration space explored during planning.
III. DISASSEMBLY-BASED MOTION PLANNING
In this section, we describe the disassembly-based motion planning approach (DBMP). First, we explain how workspace information can be obtained efficiently. Then, we present the methods of using this information to reduce the amount of configuration space that must be explored to solve a given motion planning problem.
A. Obtaining Workspace Information
A robot sweeps out a workspace volume as it moves from an initial to the final configuration. If this workspace volume were known, the exploration of configuration space could be restricted to the subset of configurations at which the robot is contained within this volume. Decomposition-based approaches to motion planning compute an approximation of this workspace volume, called a workspace tunnel [4] . The exploration of configuration space can then be restricted to those configurations for which the robot partially overlaps with the tunnel. The set of qualifying configurations represents a small subset of the overall configuration space and consequently exploration can be performed much more efficiently. Disassembly-based motion planning uses the same idea, and thus belongs to the family of decomposition-based motion planning approaches.
1) Sphere expansion:
The workspace tunnel is computed using a sphere expansion algorithm. The details of this algorithm are given elsewhere [4] ; here, we outline the general idea. The purpose of the sphere expansion algorithm is to determine a continuous workspace volume through which the robot might be able to move from its initial position to its final position. Intuitively, sphere expansion is a wavefront propagation algorithm with adaptive step sizes.
To compute a workspace tunnel, we use a wavefront of free space spheres with maximum radius. Initially, the largest sphere of free space centered at a reference point of the robot in its initial position is computed. The radius of this sphere is determined by the distance of the reference point to the closest obstacle. The surface of the sphere is sampled and maximal spheres of free space centered at the sample points are determined. If the size of a sphere does not allow the robot to move through it, it is not expanded further. The remaining spheres are kept in a priority queue, with the highest priority assigned to the sphere closest to the final position of the robot. This process is referred to as sphere expansion. Expansion of the highest-priority sphere is performed until a sphere contains the reference point of the robot in its final position. The priority assignments of the spheres determine the exploration pattern of the workspace. Different heuristics can be applied to attain the fastest exploration of the workspace.
During sphere expansion, the parent/child relationship of spheres is maintained. The resulting data structure is a tree of spheres. The root sphere contains the reference point of the robot in its initial position. The spheres of the tunnel represent a path from the root of the tree to the leaf containing the reference point in the final position of the robot. Figure 2 shows a resulting free space tunnel. The line segments connecting the centers of the spheres along the tunnel are referred to as the spine of the tunnel. In contrast to other approaches that use workspace information [14] , [19] , [21] , the sphere expansion provides information about workspace connectivity for a specific path query; exploration of the entire workspace is not necessary.
2) Exploring alternative tunnels: The sphere expansion method described above determines a workspace volume that connects the initial to the final configuration and has a certain minimum diameter. The requirement of minimum diameter is not sufficient to ensure that a particular tunnel also contains a valid solution to the planning problem. Should the planner at a later stage discover that no such path exists, an alternative tunnel has to be considered. Such alternative tunnels can be computed with a small modification to the sphere expansion algorithm described in the previous section.
If configuration space sampling identifies a particular region of the workspace tunnel as blocked, the corresponding spheres of the tunnel are marked and their children are removed from the queue. Sphere expansion then resumes normally until another workspace tunnel has been obtained (see Figure 3) . This algorithm will explore alternative tunnels until the entire workspace has been examined. It should be noted that the computation of workspace information does not rely on any specific planning method and the connectivity information computed is helpful to all sampling-based motion planners. Once a candidate workspace tunnel has been computed, sampling is restricted to the tunnel. In the following, we will present a particular sampling-based motion planner based on disassemblies that exploits additional information obtained in the workspace.
B. Solving Narrow Passages as Disassemblies
So far, we have determined a workspace tunnel using sphere expansion. We now describe how this tunnel can be used to solve the corresponding motion planning problem efficiently.
1) Finding narrow passages:
An assembly represents a placement of the robot inside a narrow passage in the work space. To find assemblies, narrow sections of the computed tunnel are considered. A section is narrow, if the radius of spheres in this section is below a threshold. This threshold is a parameter of the proposed approach. It can easily be estimated based on the geometry of the robot [4] .
Once narrow passages are identified, local sphere expansion is performed to improve the understanding of the workspace nearby. In the implementation, sphere expansion explores the area reached by the robot end-effector with the base fixed in the smallest sphere in the narrow region. To divide the motion planning problem into disassembly problems, the most difficult regions of the tunnel must be identified. This can be accomplished by using the watershed algorithm applied to the union of spheres contained in the tunnel and the additional spheres obtained in the additional exploration [19] , [20] . The result will be a set of spheres representing each narrow passage, labeled by the narrow passage they belong to. Spheres between two adjacent narrow passages are also labeled as easy regions distinctly, as are the spheres connecting the initial and the final position to the first and last narrow passage along the tunnel.
An example of such a labeling is given in Figure 4 . Figure 4 a) shows the initial and final position of the robot and the environment with a narrow passage. 2) Finding an assembly: An assembly is found by sampling robot configurations in the proximity of the narrow passage. Uniform sampling is adequate in this situation, because the entire region has roughly uniform complexity. To generate a sample inside the narrow passage for free-flying robots, a value for the rotational degrees of freedom of the robot is generated uniformly at random. In addition, a reference point on the robot and a random point inside the volume of the narrow passage are chosen. The translational component of the robot's configuration is determined such that these two points coincide.
Since an assembly should represent a highly constrained, collision-free placement of the robot, we require that the robot be either completely contained inside the narrow passage or can reach across it. In the latter case, we require that two points of the robot be contained in spheres with different labels outside the narrow region. An example of such a placement can be seen in Figure 4 d ). Collision-free samples that do not fulfill this criterion are rejected. If more than one assembly is discovered after a certain number of samples, we choose a set of connected assemblies randomly to disassemble. If no assembly can be found, a new tunnel has to be computed.
3) Performing disassembly: So far only a very small fraction of the configuration space has been explored by uniform sampling. These regions correspond to narrow passages along a workspace tunnel connecting the initial and the final configuration. This computational expense is necessary, however, to solve the most difficult parts of the motion planning problem. The resulting assemblies give us much information about solutions for the remaining disassembly problems. We will use the configuration of the assembly to bias our sampling scheme for disassembly. The sampling scheme is motivated by two insights: 1) the translational component of the disassembly motion should be biased to move the robot out of the narrow passage and into an open region, and 2) due to the constraints imposed by the environment, only small incremental motions should be attempted. Pseudo code for the proposed sampling procedure for diffusion-based disassembly is shown in Figure 5 . Given a set A of connected assembled placements of the robot inside the narrow passage, this procedure builds a roadmap for each disassembly subproblem. Since assemblies are strictly constrained by the environment, samples are obtained by small perturbations of milestones already presented in the roadmap. This effectively uses the information contained in the initial assembly and subsequently the entire roadmap to reduce configuration space exploration by limiting samples in the regions likely containing collision-free placements of the robot. While the rotational component is perturbed randomly, the translational component of the configuration is perturbed with a bias towards the open regions of workspace represented by the tunnel. This bias exploits workspace information to further reduce configuration space exploration, since promising directions for translational motions are sampled more densely. By selecting configurations for perturbation uniformly at random in the roadmap R, rather than in a biased fashion as in other approaches [11] , [13] , we effectively achieve a bias towards promising regions of configuration space. This can be seen as follows. Since the configuration space region under consideration represents a narrow passage, collisionfree samples will be rare. Once a collision-free sample has been found, its neighborhood is likely to contain additional free placements of the robot. This probability increases, as configurations move away from the assembled state, effectively introducing a bias from constrained regions towards less constrained regions. This bias is desirable for disassembly.
DISASSEMBLE (assemblies
An assembly is considered to be disassembled, once the robot has been removed from the narrow section of the tunnel. Consecutive disassembled configurations along the tunnel are connected using the traditional PRM framework with uniform sampling [12] . Only samples in proximity to the relevant section of the workspace are retained. Consequently, the PRM framework is only applied to a small and open region of the configuration space and a small roadmap suffice to find a solution.
C. Connecting Disassemblies
By concatenating disassembly sequences obtained by the proposed sampling scheme and intermediate paths obtained using a localized PRM planner, a solution to the initial motion planning problem can be determined. A localized PRM planner uses the sampling scheme described in Section III-B.2, instead of a uniform sampling scheme. This restricts the generation of samples to the region of interest by ensuring that the robot intersects with the relevant workspace region.
D. Probabilistic Completeness
Due to space limitations we can only provide high-level arguments for the probabilistic completeness of disassemblybased motion planning. Ultimately, we defer to the completeness proof for probabilistic roadmap methods with uniform sampling [17] and show that the algorithmic differences between the two motion planning methods do not affect the proof.
Our argument requires that all applied sampling methods are probabilistically complete; uniform sampling fulfills this requirement [17] . The implementation described in Section III uses uniform sampling to find assemblies. Uniform sampling is also used in easy regions. To ensure probabilistic completeness for uniform sampling, we can show that restricting sampling to workspace tunnels does not affect completeness.
For disassemblies in difficult regions, however, a diffusionbased technique is employed. To show completeness for the disassembly step, we require that a certain fraction of the samples placed during disassembly are placed uniformly at random in the disassembly regions; we then use the same argument as for uniform sampling. (In practice, we found that the sampling method described in Section III-B.3 is much more efficient than uniform sampling. We did not observe any problem instance solvable by uniform sampling, but not by using the disassembly method.)
To argue probabilistic completeness, we have to make an additional modification to the motion planner presented in Section III. This modification addresses the special case when the robot has to perform a motion for the purpose of reorienting itself. Such a situation can arise when the initial and final configuration lie in the same difficult region. This difficult region can contain a valid workspace tunnel, but might not allow the robot to perform the required motion to assume the goal configuration. However, a solution path may still exist. Such a solution path would lead the robot from the difficult region into an easy region for re-orientation and then back into the difficult region. The workspace-based exploration of configuration space would not generate such a path, since it only generates samples along non-overlapping workspace tunnels connecting the initial and final placement of the robot. To find such a solution path, the workspace exploration will, after all other workspace tunnels have been rejected, generate a tunnel consisting of the entire workspace (see Figure 6 ). At this stage, the proposed planner would still benefit from the different sampling densities in different regions of the configuration space. The advantage gained from the restriction of sampling to a particular configuration space regions would be lost. Effectively, the planner is transformed from a singlequery to a multi-query planner. Given these modifications to the algorithm, we rely on the completeness proof for probabilistic roadmap methods with uniform sampling [17] to argue that decomposition-based motion planning is probabilistically complete.
IV. EXPERIMENTAL RESULTS
To evaluate the proposed planner, we compare it with six prevailing sampling-based planning methods: probabilistic roadmap (PRM) method with uniform sampling [12] , PRM with Gaussian sampling [3] , PRM with the bridge test [10] , visibility-based PRM [16] , rapidly-exploring random trees (RRTConnect) [13] , and lazyPRM [2] . RRTConnect and lazyPRM can be viewed as the most commonly used singlequery approaches. Since disassembly-based motion planning (DBMP) is a single-query method, these planners are most appropriate for comparison. We also compare the performance of disassembly-based motion planning with common multiquery planners. Our experiments indicate that in some environments these multi-query planners outperform the singlequery planners (RRT and lazyPRM), but not disassemblybased motion planning. An additional comparison of the proposed method with a sampling-based motion planner using an approximated medial axis (aMAPRM [21] ) can be found in [22] .
The implementation used for the experiments is based on the Motion Strategy Library (MSL) [15] . This library contains implementations of PRM with uniform sampling and RRTConnect. Other motion planners used in the experimental evaluation were integrated into MSL.
The experimental environments used for the evaluation of disassembly-based motion planning are shown in Figure 7 . The two left-most environments in Figure 7 contain two chambers connected by a narrow passage. The initial and goal configurations are located in different chambers. The two environments only differ in the width of the narrow passage. These environments are used to demonstrate that, in contrast to the other planners, the performance of disassembly-based motion planning is only marginally affected by the width of the narrow passage. Fig. 7 . Experimental environments: In the first environment on the left is bounded by a box (12m × 4.5m × 4.5m) and contains two parts of free space connected by a narrow passage (we consider two passages of different size: 0.1m × 0.5m × 0.5m and 0.1m × 1.0m × 1.0m). The second environment is bounded by a box (12m × 4.5m × 4.5m) and the two parts of free space are connected by a long tunnel (2.5m × 1.0m × 1.0m); this tunnel is longer than the PA10 robot, which has a total length of 1.3m. The third environment is bounded by a box (12m × 7.5m × 4.5m) and the tunnel connecting the lower two chambers has a size of 0.1m × 0.375m × 0.375m; both passages connecting the upper chamber to the lower chambers have a size of 0.1m × 1m × 1m. The fourth environment is bounded by a box (12m × 10m × 4.35m) and contains several rooms. The doors have width of 0.5m.
The second picture from the left in Figure 7 shows an environment in which the length of the narrow passage exceeds the length of the robot. This experiment illustrates that narrow passages can be solved efficiently, irrespective of their sizes.
The next environment contains three chambers, of which the two bottom chambers are connected by a passage that is very narrow for the robot. DBMP identifies this tunnel as an area containing a possible solution path. When the process of finding an assembly fails, the alternative tunnel is found and a solution path along the corresponding workspace volume is computed. This illustrates DBPM's ability to handle the failure of finding an assembly or the appropriate disassembly.
The right-most environment in Figure 7 represents an office building with hallways and offices. A projection of the model into the plane is shown. The robot moves between the rooms, connected by the hallway. This experimental environment illustrates how large portions of the configuration space can be excluded from motion planning based on workspace connectivity. We ran experiments with a thirteen degree-of-freedom, free-flying PA10 robot and a 102 degree-of-freedom robot (Figure 8) . Experimental results are reported in Table I . Our method outperforms other planners not only with respect to overall planning time, but also with respect to the size of the resulting roadmap. As discussed in Section III, DBMP spends most of the computational resources finding assemblies and disassembling them, i.e., solving those parts of the planning problem that are considered difficult. Only very limited resources suffice to connect disassembled states through easy regions. This indicates DBMP distributes the computational resources according to the difficulties of the regions. As a result, the roadmap contains most samples in difficult regions, where a denser sampling is required to capture the connectivity of the restricted free space. In open regions very few samples suffice to capture connectivity.
The experiments with the 102 degree-of-freedom robot demonstrate the ability of DBMP to solve planning problems in high dimensional configuration spaces. In the office environment, more time is spent connecting paths in the easy regions because the rooms and the corridor are small with respect to its size. In [22] , we also demonstrate the effectiveness of DBMP applied to rigid body robots.
PRM with uniform sampling, PRM with Gaussian sampling, PRM with bridge test, and visibility-based PRM are multiquery planners. They explore the entire configuration space. It therefore is not surprising that disassembly-based motion planning can outperform these methods. It is noteworthy, however, that these methods in some environments outperform the single-query methods RRTConnect [13] and lazyPRM [2] . We offer the following explanation: RRTConnect prefers to drive configuration space exploration towards unexplored and open regions. It thus has difficulties to find paths from open regions into narrow passages. It also suffers from the translationrotation discrepancy problem [7] . If the translation bounds are large compared to the rotation bounds, the extension steps of the RRT tree are likely to result in translations. As a result, it is hard for RRTConnect to traverse regions of the workspace that require the robot to rotate. The other single-query planner, lazyPRM is designed for open environments. The example environments used in this paper are therefore "worst cases" for this planning method.
Finally, to illustrate the sparseness of roadmaps resulting from disassembly-based motion planning, we show the samples of a successful roadmap in Figure 9 . All milestones of the roadmap are along the workspace tunnel and most of them are close to the narrow passages. 
Experimental Results
Comparison of a PRM planner with uniform sampling (PRM), a PRM planner with Gaussian sampling (Gaussian), a PRM planner with bridge test BridgeTest, a visibility-based PRM (Visibility), an RRTConnect planner, a lazyPRM planner and a disassembly-based motion planning (DBMP).
Ts represents the time to compute the workspace connectivity information; Nv denotes the number of vertices in the roadmap, Ne refers to the number of edges in the roadmap, Nc specifies the total number of collision checks, Ta is the time to find assemblies in the narrow passage(s), T d represents the time to disassemble the robot from assemblies, Te denotes the time to connect configurations in easy regions, Tc gives the duration of roadmap construction, and T is the add-up time consumption. Factor indicates the time consumption ratio between other planners and DBMP. All times are averaged over ten runs, given in seconds. The experiments were performed on a PentiumIV 3.2GHz PC with 1GB RAM and a 64MB DDR Radeon 300 graphics card. Sample placement for disassembly-based motion planning: The planning problem requires the PA10 robot to move from one room to another in the floor environment. Left: the workspace tunnel connecting the initial and goal positions of the robot. Right: milestones of the resulting roadmap projected into the workspace. There are clusters of milestones inside the narrow passages. This indicates that most computation time is spent solving the difficult portions of the motion planning problem.
V. CONCLUSION
Disassembly-based motion planning is a single-query, sampling-based motion planning method for free-flying robots that outperforms existing motion planning techniques by several orders of magnitude for many realistic scenarios. We present extensive experimental evidence in support of this argument, comparing the performance of disassembly-based motion planning with several state-of-the-art sampling-based motion planners. For stationary robots the planner is capable of achieving performance improvements and will always perform at least as well as the underlying sampling-based motion planning approach.
Disassembly-based motion planning derives its efficiency from the exploitation of workspace information. This information is used to identify configuration space regions that are likely to contain the solution path. By restricting exploration to these regions, only a small fraction of configuration space need to be explored, significantly increasing the efficiency of the motion planning process.
To restrict configuration space exploration, two distinct types of workspace information are exploited. Connectivity information from the workspace is used to identify a tunnel of free workspace likely to contain a solution path. Configuration space exploration can then be restricted to configurations in which the robot intersects this workspace tunnel. Note that this aspect of the proposed planner can be applied as a pre-processing step to any sampling-based motion planner to significantly improve its performance.
Workspace information is further used to identify narrow passages. A collision-free placement of the robot inside a narrow passage is considered an assembly, because geometric constraints of the environment limit the motions the robot can perform. The constraints imposed by the environment can in turn be exploited to limit configuration space exploration, resulting in further performance improvements.
